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Relaxation dynamics of closed diffusive systems with infinitesimal Langmuir kinetics
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We consider the asymmetric simple exclusion process with Langmuir kinetics in the closed bound-
ary condition. We analytically obtain the exact stationary state and a series of excited states of
the system in the limit where Langmuir kinetics is infinitesimally small. Based on this result, we
propose an analytical formula for the time evolution of physical quantities of the system.
PACS numbers: 05.10.Gg
I. INTRODUCTION
Recently, one-dimensional driven-diffusive systems
have attracted much interest in the context of nonequi-
librium statistical physics. Among them, the asymmet-
ric simple exclusion process (ASEP) is one of the most
fundamental and exactly solvable models describing the
nonequilibrium transport phenomena [1–7]. It has a wide
range of applications such as in biology [1] and pedestrian
and traffic flow [5, 6].
The ASEP is a continuous-time Markov process de-
scribing the asymmetric diffusion of particles with an ex-
clusion principle on a one-dimensional lattice. In a time
interval dt, a particle hops to the right (left) site with
probability pdt (qdt) if it is vacant. The Markov matrix
describing the time evolution of the ASEP can be exactly
diagonalized by the Bethe ansatz [8] and the exact sta-
tionary state can be constructed by the matrix product
ansatz [9]. These methods offer exact derivations of the
interesting phenomena such as boundary-induced phase
transitions [9–11]. Moreover, it is shown that the current
fluctuation belongs to the Kardar-Parisi-Zhang univer-
sality class [12] using the random-matrix theory [13].
The ASEP with Langmuir kinetics (ASEP-LK) de-
scribes an attachment and detachment of particles as well
as the exclusive hopping process [14]. In this system, par-
ticles go in and out anywhere on the lattice, whereas in
the usual open boundary system, particle exchange with
the outer system occurs only at the end of the system.
Steady-state properties of this model have been studied
in detail by use of mean-field theory and Monte Carlo
simulations [15–17]. These studies reveal interesting phe-
nomena such as the coexistence of high- and low-density
phases separated by the shock wave in the density profile.
The exact stationary state is constructed in the case of
periodic boundaries [18]. More recently, the exact time
evolution of correlation functions in the ASEP-LK with
periodic lattice was obtained in [19].
On the other hand, it was shown that the ASEP with a
closed boundary has Uq(sl2) symmetry [20]. This means
that the generators of Uq(sl2) algebra commute with the
Markov matrix describing the time evolution of the sys-
tem. Using this fact, the N -particle steady state |SN 〉
can be constructed by applying the creation operator F ,
FIG. 1: The ASEP-LK with a closed boundary.
N times on the vacuum |0〉: |SN 〉 ∝ FN |0〉.
In this paper we consider the closed ASEP-LK de-
scribed in Fig. 1. The system loses its Uq(sl2) symmetry
due to the Langmuir kinetics (LK). The stationary state
can no longer be written in a closed form, unlike in the
case of a periodic boundary with LK. However, we find
that the stationary state has a closed form in the case of
infinitesimally small LK. Moreover, we obtain a series of
low-lying excitations in this limit. Inserting these states
into the time-dependent expectation value, we obtain a
formula for the time evolution of the physical quantity of
the system starting from the vacuum as an initial state.
II. MODEL AND NOTATIONS
We consider the ASEP-LK with a closed boundary,
which is schematically shown in Fig. 1. A particle hops
to the right (left) site with a rate p = 1 (q) if it is vacant.
Particles are attached on a site with rate ωa if the site is
vacant and detached with rate ωd if it is occupied.
Hereafter we impose a closed boundary condition. We
denote the number of lattice sites by L. We associate a
Boolean variable τn to every site n to represent whether a
particle is present (τn = 1) or not (τn = 0). Let |τn = 0〉
and |τn = 1〉 denote the standard basis vectors in this
order for the vector space C2. We consider the L-fold
tensor product of this basis |τ1τ2 · · · τL〉 := |τ1〉 ⊗ |τ2〉 ⊗
· · · ⊗ |τL〉, the dimension of which is 2L. Then we can
write a state of the system at time t in a vector form with
each element being a probability distribution
|P (t)〉 =
∑
τ1,··· ,τL
P (τ1, · · · , τL|t)|τ1, · · · , τL〉. (1)
The time evolution of this state is described by the master
2equation
d
dt
|P (t)〉 =M|P (t)〉, (2)
where the Markov matrix M is given by
M =
L−1∑
n=1
Mn,n+1 +
L∑
n=1
hn,
Mn,n+1 =


0 0 0 0
0 −q 1 0
0 q −1 0
0 0 0 0


n,n+1
,
hn =
(−ωa ωd
ωa −ωd
)
n
. (3)
The subscripts at the bottom right of the matrix rep-
resent the vector space on which the matrix is acting.
The matrices operate as an identity elsewhere. The LK
term hn can be regarded as an off-diagonal magnetic field
in the language of quantum spin chains, which induces a
nonconservation of the number of particles in the system.
The stationary state |S〉 belongs to the eigenvector of
the Markov matrix associated with a zero eigenvalue:
M|S〉 = 0. (4)
The existence of the physically meaningful (all the ele-
ments are non-negative real numbers) unique stationary
state is guaranteed by the Perron-Frobenius theorem for
stochastic matrices.
III. CLOSED ASEP WITHOUT LANGMUIR
KINETICS
A. Uq(sl2) Symmetry
The ASEP with a closed boundary condition has
Uq(sl2) symmetry [20]. In the following we will fix the
value of the parameter q in the interval 0 < q < 1. The
quantum group Uq(sl2) is the algebra generated by e, f, k
and k−1 with the defining relations
[e, f ] =
k − k−1
q
1
2 − q− 12 , kk
−1 = k−1k = 1,
kek−1 = qe, kfk−1 = q−1f. (5)
The formal substitution k±1 = q±h/2 and the limit q → 1
recover the usual commutation relations of the Lie alge-
bra sl2,
[e, f ] = h, [h, e] = 2e, [h, f ] = −2f. (6)
The universal enveloping algebra U(sl2) is the noncom-
mutative polynomial ring over C with the variables e, f
and h divided by the ideal generated by ef − fe − h,
he − eh − 2e and hf − fh + 2f . The quantum group
Uq(sl2) is considered to be a q-deformation of U(sl2).
In our model, each site has two states, namely, it is
empty or occupied. Thus we adopt a two-dimensional
representation of Uq(sl2) given explicitly by
e =
(
0 1
0 0
)
, f =
(
0 0
1 0
)
,
k =
(
q
1
2 0
0 q−
1
2
)
, k−1 =
(
q−
1
2 0
0 q
1
2
)
. (7)
The defining relations (5) are easily checked by the di-
rect calculation of 2× 2 matrices. The operators e and f
are considered as annihilation and creation operators, re-
spectively. We slightly change the normalizations of k±1
by introducing g and g˜ as
g = q
1
2 k−1 =
(
1 0
0 q
)
, g˜ = q
1
2 k =
(
q 0
0 1
)
, (8)
which yields defining relations
[e, f ] =
g − g˜
1− q , gg˜ = g˜g = q, g˜eg = q
2e, g˜fg = f. (9)
In order to construct a tensor product representation act-
ing on the total lattice of the system, we define the co-
product structure as
∆(e) = e⊗ 1 + g ⊗ e, ∆(f) = f ⊗ g˜ + 1⊗ f,
∆(g) = g ⊗ g, ∆(g˜) = g˜ ⊗ g˜. (10)
Due to the co-associativity (∆⊗ id) ◦∆ = (id⊗∆) ◦∆,
we can define the operators acting on a total lattice
E := ∆(L−1)(e) = e1 + g1e2 + · · ·+ g1 · · · gL−1eL,
F := ∆(L−1)(f) = f1g˜2 · · · g˜L + · · ·+ fL−1g˜L + fL,
G := ∆(L−1)(g) = g1 · · · gL,
G˜ := ∆(L−1)(g˜) = g˜1 · · · g˜L. (11)
Here we adopt the abbreviated notation such that, for
example, x2y5 := 1 ⊗ x ⊗ 1 ⊗ 1 ⊗ y ⊗ 1 in the case of
L = 6. Since the co-product ∆ conserves the defining
relations
∆ ([e, f ]) = ∆
(
g − g˜
1− q
)
, ∆(gg˜) = ∆ (g˜g) = q,
∆(g˜eg) = q2∆(e) , ∆(g˜fg) = ∆ (f) , (12)
the total operators E,F,G and G˜ satisfy the same rela-
tions
[E,F ] =
G− G˜
1− q , GG˜ = G˜G = q,
G˜EG = q2E, G˜FG = F. (13)
We can show that the ASEP-LK with a closed boundary
has the Uq(sl2) symmetry
[M0, E] = [M0, F ] = [M0, G] = [M0, G˜] = 0, (14)
whereM0 =
∑L−1
n=1 Mn,n+1 is the Markov matrix for the
closed ASEP without LK.
3B. Steady state property
Due to the Uq(sl2) symmetry described above, an N -
particle stationary state |SN 〉 without Langmuir kinetics
(M0|SN 〉 = 0) is obtained by the successive actions of
the creation operator F on the vacuum |0〉 together with
the normalization constant CN as
|SN 〉 = CNFN |0〉,
FN |0〉 = [N ]q!
∑
1≤n1<···<nN≤L
q
∑
N
j=1(n˜j−j)|n1, · · · , nN〉,
(15)
where n˜j is determined from nj through the relation
n˜N−j+1 = L − nj + 1. This means that the j-th par-
ticle from the right is on the n˜j-th site from the right if
the j-th particle from the left is on the nj-th site from
the left. Here we introduce the q-factorial
[N ]q! = [1]q[2]q · · · [N ]q, [n]q = 1 + q + · · ·+ qn−1.
(16)
The constant CN is determined from the normalization
condition
〈TN |SN 〉 = 1, (17)
where |TN 〉 is the N -particle stationary state of the pe-
riodic ASEP without Langmuir kinetics
|TN 〉 :=
∑
1≤n1<···<nN≤L
|n1, · · · , nN 〉. (18)
By use of the identity
∑
1≤n1<···<nN≤L
q
∑
N
j=1(nj−j) =
(
L
N
)
q
, (19)
we have
|SN 〉 =[L−N ]q!
[L]q!
FN |0〉 =
(
L
N
)−1
q
×
∑
1≤n1<···<nN≤L
q
∑N
j=1
(n˜j−j)|n1, · · · , nN〉, (20)
where the q-binomial is defined by(
L
N
)
q
:=
[L]q!
[N ]q![L −N ]q! . (21)
For small q, the factor q
∑N
j=1
(n˜j−j) represents the ten-
dency for particles to gather to the right. In the case of
q = 0, the system is called a totally asymmetric simple
exclusion process (TASEP), where particles move only
to the right. In this case, we have n˜j = j and [n]q = 1,
which lead to
|SN〉 = FN |0〉 = |L−N + 1, · · · , L− 1, L〉, (22)
where N particles are completely clogged at the right end
of the system. The exact density profile in the N -particle
stationary state ρN (x) is also known [20]
ρN (x) :=
∑
τ1,··· ,τL
τx〈τ1, · · · , τL|SN 〉
=
(
L
N
)−1
q
N−1∑
k=0
(−1)N−k+1q(N−k)(L−x−N+k−12 )
(
L
k
)
q
.
(23)
IV. PERIODIC ASEP WITH LANGMUIR
KINETICS
In the periodic case with Langmuir kinetics, the simi-
larity transformation A → A˜ = U−1AU induced by the
matrix
U :=
(
1 1
α −1
)⊗L
(24)
is proved to be useful for the diagonalization of the corre-
sponding Markov matrix [19]. Here α is the ratio between
attachment ωa and detachment ωd:
α :=
ωa
ωd
. (25)
The stationary state is simply obtained by the operation
of U on the vacuum
Mperiodic (U |0〉) = 0, (26)
which is explicitly written as
U |0〉 =
(
1
α
)⊗L
=
L∑
N=0
αN |TN 〉. (27)
The low-lying excitations are similarly constructed as
Mperiodic|m〉periodic = −mω|m〉periodic, (28)
where
|m〉periodic := U |Tm〉 for m = 0, 1, 2, · · · , L. (29)
Noting that the relation U2 = (1 + α)L, 〈T |U = (1 +
α)L〈0|, we obtain the formula for the time evolution of
a physical quantity A starting from the vacuum initial
state [19]
〈A(t)〉 := 〈T |AeMt|0〉 =
L∑
m=0
e−mωtαm〈0|A˜|Tm〉. (30)
V. CLOSED ASEP WITH INFINITESIMAL
LANGMUIR KINETICS
A. Stationary state
Now we consider the main object of this work: the
closed ASEP with Langmuir kinetics. In this case the
4Uq(sl2) symmetry is broken due to the LK. The station-
ary state |S〉 (M|S〉 = 0) can no longer be written in a
closed form and shows a very complicated one involving
higher-order terms of ωa and ωd. However, our finding
is that the significant simplification occurs in the limit
ω := ωa + ωd → 0 while keeping the ratio α = ωa/ωd
finite. We propose a formula for the stationary state in
this limit
lim
ω→0
|S〉 = 1
(1 + α)L
L∑
N=0
(
L
N
)
αN |SN 〉, (31)
where |SN 〉 is the N -particle stationary state (20) in the
case without Langmuir kinetics. We have not accom-
plished the proof of this formula yet. However, we con-
firm the result from direct analytical diagonalizations of
the Markov matrix up to L = 4.
By use of this formula, we immediately obtain the den-
sity profile ρ(x) in the stationary state in the form
ρ(x) := lim
ω→0
∑
τ1,··· ,τL
τx〈τ1, · · · , τL|S〉
=
1
(1 + α)L
L∑
N=0
(
L
N
)
(
L
N
)
q
αN
N−1∑
k=0
(−1)N−k+1
× q(N−k)(L−x−N+k−12 )
(
L
k
)
q
. (32)
In Fig. 2 we plot this formula for α = 0.5, 1, 2; q =
0, 0.5, 0.8, 0.9, 1; and L = 50.
The expectation value of the particle number N is cal-
culated as
〈N〉 =
L∑
x=1
ρ(x) =
αL
1 + α
, (33)
which coincides with the value known as the Langmuir
isotherm [21].
In particular in the TASEP case, this formula can be
further simplified into
ρ(x) =
1
(1 + α)L
L∑
N=y
(
L
N
)
αN
=
(
L
y
)
αyF (L + 1, y, y + 1;−α). (34)
Here y = L−x+1 and F (a, b, c; z) is the hypergeometric
function
F (a, b, c; z) =
∞∑
n=0
(a)n(b)n
(c)nn!
zn, (35)
where
(a)n = a(a+ 1) · · · (a+ n− 1). (36)
In Fig. 3 we plot the density profile (34) for α = 0.8 and
L = 5, 20, 200. In the case without Langmuir kinetics,
FIG. 2: Density profiles in the steady state for L = 50. Par-
ticles are gathered to the right due to the asymmetry of the
hopping q < p = 1. The end of the congestion is given by
x = L − 〈N〉 = L/(1 + α). In the case of symmetric diffu-
sion (p = q = 1), the profile becomes flat and translationally
invariant.
the particle number N is conserved and the density pro-
file in the steady state gives the step function. On the
other hand, in the case with Langmuir kinetics, the par-
ticle number N fluctuates around the expectation value
〈N〉 with the width ∆N ∼ √L.
5FIG. 3: Density profiles in the steady state in the TASEP
case (q = 0) for L = 5, 20, 200. In this case the density profile
is written in terms of the hypergeometric function (34). In
the thermodynamic limit L → ∞, the curve approaches the
step function at the position determined from the Langmuir
isotherm α/(1 + α)− 1 = 1/(1 + α).
B. Dynamics
We also find the low-lying excitations
M|m〉 = −mω|m〉, (37)
which have the following closed form in the limit ω → 0
while keeping the ratio α finite:
lim
ω→0
|m〉 =
L∑
N=0
|SN 〉〈TN |U |Tm〉 for m = 0, 1, 2, · · · , L.
(38)
These states are obtained by multiplying the excitations
in the periodic case (29) by the projection operator
P :=
L∑
N=0
|SN 〉〈TN | (39)
from the left, which projects arbitrary N -particle states
onto the N -particle stationary state |SN 〉 (20) without
Langmuir kinetics. As in the case with the ground state,
despite a lack of proof, this result is confirmed by direct
analytical diagonalizations of the Markov matrix up to
L = 4.
As in the periodic case [19], these excitations are
enough to analyze the dynamics from the vacuum ini-
tial state |0〉. The time evolution of a physical quantity
A starting from the vacuum initial state |0〉 is calculated
as
〈A(t)〉 : = 〈T |AeMt|0〉
=
1
(1 + α)L
〈T |AeMtUU |0〉
=
1
(1 + α)L
L∑
m=0
αm〈T |AeMtU |Tm〉 (40)
The key idea is to insert the projection operator P ,
〈A(t)〉 = 1
(1 + α)L
L∑
m=0
αm〈T |AeMt
×
(
L∑
N=0
|SN 〉〈TN |U |Tm〉
)
. (41)
The insertion of P as an identity is justified in the limit
ω → 0, where the relaxation time of the hopping pro-
cess is much shorter than that of Langmuir kinetics ω−1.
Namely, an arbitrary N -particle state |N〉 relaxes to the
steady state |SN 〉 (= P |N〉) much faster than Langmuir
kinetics. By use of the eigenvalue equation (37), we fi-
nally obtain the main formula of this work,
〈A(t)〉 = 1
(1 + α)L
L∑
m=0
αme−mωt
×
(
L
m
) m∑
ℓ=0
(−1)ℓ
(
m
ℓ
)L−m∑
N=0
αN
(
L−m
N
)
〈A〉N+ℓ
(42)
where 〈A〉N is the expectation value of A in the N -
particle steady state without Langmuir kinetics |SN 〉,
〈A〉N := 〈TN |A|SN 〉. (43)
Below we examine this formula for particle number and
density profile as two simple examples.
1. Particle number
Let A be a particle number operator N =
∑L
n=1 τn.
In this case, obviously, we have 〈A〉N = N . Substituting
this into the formula (42) gives
N(t) =
αL
1 + α
(
1− e−ωt) , (44)
which represents an ordinary exponential relaxation to
the Langmuir isotherm (33) with a relaxation time ω−1.
Note that the terms withm ≥ 2 are vanishing in (42). We
observe good agreement with Monte Carlo simulations as
shown in Fig. 4.
2. Density Profile
Next let us consider the time-dependent density profile
ρ(x, t). Substitution of A = τx into the formula (42)
yields
ρ(x, t) =
1
(1 + α)L
L∑
m=0
αme−mωt
×
(
L
m
) m∑
ℓ=0
(−1)ℓ
(
m
ℓ
) L−m∑
N=0
αN
(
L−m
N
)
ρN+ℓ(x),
(45)
6FIG. 4: Time evolution of the number of particles N(t) start-
ing from the empty state plotted against the scaled time t/T ,
where T is the relaxation time ω−1. The parameters are
ω = 0.1 and α = 2.0. The thick red line is the plot of our exact
formula (44). The blue line is a 100-times average of Monte
Carlo simulations. The parameters are (p, q) = (1.0, 0.3) and
L = 100 in the simulation. The plot starts from zero and satu-
rates to the value α/(1+α) known as the Langmuir isotherm.
where ρN (x) is the density profile in the N -particle
steady state (23). In Fig. 5 we plot this formula (45)
together with the result of Monte Carlo simulations. We
observe again good agreement with the simulations.
VI. CONCLUSION
In this paper we considered the asymmetric simple ex-
clusion process in the closed boundary condition, with
infinitesimally small Langmuir kinetics. In this limit, we
conjectured the analytical form of the stationary state
and a series of low-lying excited states. The correctness
of these formula is supported by the analytical diago-
nalizations of the Markov matrix, although they lack a
rigorous proof. Using this steady state and the excited
states, we further proposed a formula for the time evolu-
tion of physical quantities starting from the empty state.
As two simple examples, we computed a full time depen-
dence of the number of particles and a density profile of
the system. We observed good agreement with the Monte
Carlo simulations in both cases.
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